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ABSTRACT 


In  thn  past  few  yeara  soae  entirely  new  bruadband  antennas  bave 
been  developed.  At  the  present  tine  It  Is  easy  to  construct  practical 
antennas  which  have  osaentially  the  saae  pattern  and  inpedance  over 
a  10  to  1,  or  larger,  frequency  range.  One  group  of  broadband  antennas 
utilises  the  ureful  property  of  the  equiangular  (logarlthclc)  spiral 
curve  that  a  scale  change  and  a  rotation  are  equivalent. 

In  this  paper  theoretical  Methods  for  deteralninf^  the  electric 
and  Magnetic  fields  produced  by  an  equiangular  spiral  structure  are 
considered.  The  equiangular  spiral  structure  consist e  of  two  thin 
conducting  strips  (ams)  with  edges  defined  by  equiangular  spiral 
curves  developed  on  a  cone.  ^  The  structure  is  considered  infinite  In 
extent  with  an  arbitrary  rate  of  spiral  and  an  arbitrary  cone  angle.  The 
planar  equiangular  spiral  Is  Included  as  a  special  case.  To  a  ike  the 
probleM  SMenable  to  analysis  It  la  necessary  In  aoae  cases  to  restrict 
the  gaps  between  the  spiral  arms  to  be  smsH. 

Ixpresslons  for  the  static  (DC)  electric  fields  are  derived  fro« 
separated  solutions  of  Laplace's  equation.  The  static  electric  fields 
are  shown  to  be  a  function  of  only  two  variables.  The  separated  aolutlona 
are  a  product  of  the  circular  functions,  and  associated  Legendre  functions 
of  Inaglnary  degree  and  real  order.  An  infinite  auasMtlon  of  the  separated 
solutions  la  necessary  to  meet  the  required  boundary  conditions.  For 
a  aaall  gap  between  the  spiral  araa  the  coefficients  In  the  sumw  tlun 
are  expressed  Independently  In  a  aiaple  aatheMStlca)  fora.  For  an 


arbitrary  gap  the  coef tlcients  cm  rot  be  detemined  independently,  end 
he  aDlittlone  ire  npproximted  by  a  finite  sun.  The  least  iqusres 
cri^erlon  li  t^aed  to  obtain  the  beet  values  of  the  coefficients,  and 
the  coefficiente  are  expressed  as  the  sisultaneoue  solution!  of  a  finite 
set  ol  I  jLnear  algebraic  equations. 

For  the  elect rosagnetic  probles,  separated  solutions  of  the  vector 
Helsdioltz  equation  are  obtained  In  an  oblique  spiral  coordinate  aystea. 
The  aeparated  lolutions  are  siailar  to  those  nf  the  spherical  coordinate 
aye  tea.  They  are  a  product  of  Besael  functiona  of  coeplex  order, 
aaeociated  Legendre  functions  of  complex  degree  and  rssl  order,  and  the 
circular  functions.  A  douLle  auMsatlon  is  rsqulrad  to  satlafy  the 
boundary  conditions  Ixpressions  for  the  ^coefficients  in  the  sunns t ion 
are  derived  in  tema  of  the  tangential  electric  fielda  in  the  gap 
ba'eean  the  spiral  eras. 

For  the  apsclsl  er.se  of  s  balanced  antenna  with  narrow  gaps  between 
the  amn,  expressions  arm  derlvsd  for  the  fields  produced  in  the  gaps 
by  i  source  at  the  origin.  Thtae  solutions  sake  available  a  neans  of 
calculating  the  Input  impedance,  the  current  distribution,  and  the 
pattern  of  an  equiangular  spiral  antenna. 
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1  INTRODUCTION 


Recent  yearn  have  seen  the  develojMent  and  use  of  a  nuaber  of 

broadband  antennas,  taper laental  techniques  have  been  used  to  provide 

entirely  new  types  of  antenna  structures  which  aalntaln  essentially 

the  sasie  pattern  and  inpedance  characteristics  over  a  10  to  1,  or 

larger,  frequency  range.  One  basis  for  the  design  of  broadband 

antennas  has  been  the  "angle  ssethod"  ^  tidiereby  the  boundaries  of 

the  antenna  are  apecified  prlaarily  In  terns  of  angles,  and  thua 

lengths  are  avoided  which  are  rescxiant  at  one  frequency  and  not  at 

othcrh  The  biconical  antenna,  the  dlsc-cone,  the  fin,  and  the 

equiangular  spiral  are  all  exaaples  of  practical  antenna  structures 

which  are  specified  prlnsrlly  in  terns  of  angles. 

While  the  angle  concept  specifies  in  general  what  boundaries 

can  be  used  to  construct  an  antenna  vdilch  sight  be  broadband,  it 

does  not  predict  what  the  actual  pattern  or  inpedance  will  be. 

To  date  alaost  all  of  the  devclopeent  of  broadband  antennas  has 

been  of  an  experisental  nature  with  only  a  siniBUs  asount  of 

2 

theoretical  developaent.  Schelkunoff  has  derived  theoretical 

expreaslont  for  the  pattern  and  spedance  of  the  infinite  biconical 

structure  by  showing  that  the  TIM  noae  is  excited  by  s  source  st 

3 

the  origin.  Carrel  has  devised  siethods  for  snalyzing  theoretically 
an  infinite  biconical  s*  ructure  of  arbitrary  cross  section  showing 
that  the  infinite  structure  has  characteristics  which  are  independent 
of  frequency.  However,  the  finite  over-all  size  required  in  a 
practical  antenna  gives  rise  to  an  "end  effect"  which  seriously 


llaiit*  tli«  bftiKiwidtli  obtAlatble  witb  the  biconlcftl  enieniiae  of 
trbltimry  croie  section. 

Using  the  ''sngle  ■etl»od"i  Ruasey  In  19S4  proposed  m  cls^s  of 
sntennes  based  on  the  equisnfulsr  spiral.  The  balanced  planar 
equiangular  spiral  has  been  vary  thoroucbly  Invastlfsted  eicperlaantally 

4 

by  Dyson  who  has  shown  that  It  is  easy  to  construct  a  practical 
antenna  having  frequency  Independent  characteristics  over  a  80  to  1 
bandwidth.  He  has  also  shown  that  over  a  range  of  frequencies  the 
Input  laipedance  and  the  pattern  of  this  antenna  are  not  affected 
by  Increasing  the  length  of  the  antenna  ams.  Thus,  the  equiangular 
•plral  atrueture  does  not  have  an  appreciable  "end  effect,"  and 
after  a  critical  slse  is  passed  the  characteristics  of  the  finite 
antenna  are  the  sane  as  for  the  Infinite  structure. 

IsperlsMntally,  the  balanced  planar  version  of  the  equiangular 
spiral  antenna  radiates  a  circularly  polarised,  bidirectional  pattern, 
with  the  two  lobes  of  the  pattern  perpendicular  to  the  plane  of  the 
antenna.  Theoretically,  the  pattern  rotates  about  a  line  perpendicular 
to  the  plane  of  the  antenna  as  the  frequency  Is  changed.  Howeve*, 
in  the  useful  frequency  range  the  pattern  Is  nearly  synsietrical 
about  the  axis  of  rotation,  and,  therefore  this  rotation  has  a 
seall  effect  on  the  experlaental  patterns  of  th«>  antenna.  Recently, 

ft 

Dyson  has  shown  that  the  balanced  equiangular  spiral  developed 
on.  a  cone  can  be  nade  Into  a  practical  broadband  ant<nuia  with  a 
unidirectional  pattern. 

This  paper  presents  the  results  of  a  theoretical  study  of  the 
electric  and  aagnetic  fields  produced  by  an  equiangular  spiral  structure. 


Af  tlM  boundarltt  of  th«  oquiftogular  spiral  antsnna  can  be  specified 
in  reasonably  siiM^l#  nathenatical  tenia,  it  was  felt  worthwhile  to 
InveatlKats  netlioda  of  obtaining  exact  theoretical  expressions  for 
w.ht  fields.  To  obtain  a  feeling  for  the  problea,  the  static  (DC) 
electric  fields  wore  detemined  first  by  obtaining  separated  solutions 
of  Laplace's  agnation.  The  static  solutions  pointed  the  way  to  v 
aet  of  ccMirdinste  warisbles  wMch  were  used  to  obtain  the  electro- 
anmnetic  fields  as  solutions  of  the  vector  Helnholtx  equation. 

While  it  was  desired  to  detemine  nathenatical  expressions  for  the 
fields  under  the  nost  general  conditions,  several  sinplifying 
assumptions  were  necessary.  In  all  cases  the  spiral  structure  is 
considered  infinite  in  extent,  and  the  spirals  are  assuned  to 
continue  indefinitely  close  to  the  origin.  Also,  in  sone  places 
In  the  analjSls  the  gap  between  the  spiral  ams  is  assuned  arbitrarily 


a.  m  iQiruNOUiAii  spikal  AjrmniA 


A  i«i«ral  •qulMfular  (or  logmrltlMic)  spirol  curvo  cftn  bo  dofinod  ot  tlio 


iBtorooctloa  of  tbo  too  ourfoeos. 

r  «  •  0*^ 

o 

OBd 


(2-1) 


wboro  0^1  m,  oad  dp  oro  rooX  poroaotoro,  and  r»  P,  oiid  ^  or#  tbo  convontional 
•pborlooi  coordlBotoi  obooa  la  Pig*  1* 


ICAL  OOOROlllATI  8Y8TBI 


Tli«  #qui«iiful.ar  spiral  eurvs  bss  tlM  ustful  propsrtp  tlist  a  chmxigm 
is  seals  !•  squlvslsst  to  a  rotatio-a.  ff  tlis  seals  of  tbs  coordlaats 
systss  is  elisiics4  by  a  factor  c  a  that 

•  cr  (3-2) 

tbs  dsflaisf  squatiOBS  for  tbs  spiral  can  bs  written  as 

r^  «  c  a,  s*^  »  a^  s*(^+‘^)  (3-3) 

o 

•  •  «0 

wbsrs 

0^5  m(/Ln  c)^a  .  (3-4) 

Tbiis  a  cbasfs  in  seals  by  tbs  factor  c  produces  tbs  sapp  spiral  as  would 
bs  obtained  by  rotstinc  tbs  orifinal  curve  by  an  anfls  (in  c>/a  about  tbs 
polar  axis. 

3.2  Tbs  Iquiasgular  Spiral  Antenna 

Iquiaacular  spiral  curves  can  bs  used  to  define  tbs  boundaries  of  an 
astsniia  by  using  four  curves  having  tbs  sans  values  for  tbs  paranstsrs  a 

and  )  but  different  values  s^,  s^*  S3,  and  S4  for  tbs  paraneters  s^. 

lbs  paraneters  s^,  Sj,  S3,  and  S4  nust  bs  obossn  such  that 

•1  <  Sj  <  Sj  <  s^  <  Sj  s*^^  (2-5) 

One  am  of  tbs  antenna  is  fomsd  by  placing  a  thin  conducting  strip  on 

tbs  cone  d  ■  bo  such  tbst  tbs  edges  cf  tbs  strip  coincide  with  the  spirals 

corresponding  to  s^  ■  s^  and  a  sinilar  nanner  another  strip 

with  edges  coinciding  with  tbs  spirals  s^  •  s«  sad  s^  »  s^  foms  a  second 

0  9  04 

am.  Near  the  origin  tbe  two  ares  of  tbs  antenna  cons  arbitrarily  close 
together,  and  tbe  origin  is  a  convenient  place  to  excite  tbe  antenna. 


tXMipXM  of  oquiAiiculftr  tplrol  aatomiAS  aro  iHovb  ia  Fift.  2  and  3. 

tilt  iaflalta  o^laRCuXar  spiral  antoma  dofinod  aliovo  has  tlia  uao- 
fuX  propdrtf  tiMt  a  soala  oluuita  la  aqulvalaat  to  a  rotation*  Tills 
aaanraa  tlMt  tiM  apaea  variations  of  tha  flalda  produead  by  diffarant 
axaitatioa  fraananciaa  eao  ba  ralatad  ainpXy  by  rotating  tba  rafaranea 
axis  of  tba  coordlnata  aystan.  Ibarafora,  tba  pattam  of  tba  inflnlta 
aqxtaagiiXar  spiral  aataaaa  rotatas  as  tba  axcltation  fraquancy  la  ebaafad, 
and  tba  input  inpadaaea  is  ladapantfant  of  fraquancy. 
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IMAL  8 

m  22. 


I 


3.  m  iTATic  (DC)  lUBcmiic  wimm 


Witk  om  Qi  tte  AnM  of  on  oqulMgiilor  splrol  otructur^  m%  tkm 

potMtlml  4>  V  and  tlio  otl^r  at  ,  tlio  poirnttiml  at  aajr  point 

o  o 

la  spaeo  la  glvm  bp  tko  fialto  solution  of  Lsplscs's  squstlon. 

V*  ■t'  -  0  (s-i) 

vblcb  sstlsflss  tbs  boundary  conditions  at  0  ■  •  that 

o 

♦  --T  for  s, 

0  3  a 

b  »  0,  -l^  la,  .  .  .  .  .  (3-2) 

1b#  potsntlal  4^  and  tbs  boundary  conditions  ars  functions  of  all  thrss  of 

tb#  eoordlnats  varlablss,  but  tbs  boundary  conditlon*i  ars  sxprssssd  In 

-a^ 

tsras  of  •  and  rs  Ibis  sufsosts  tb#  iotro^ctlon  of  a  n#«  sot  of 
variablos,  on#  of  vbleb  is  r#**^.  A  sst  of  variables  vblcb  bas  b##n 
found  oOarsBlsat  is 


providM  A  ccnvAniMit  •tartlaf  point,  nmA  in  tnnui  of  r,  •,  aii4  «  JBq.  3*4 
linCQMNI 


-  4  i-  ill  *  if  i?L+i-  L  S.1  * 


n  • 


f*  nln*  • 


3  df 

ufj) 


i 


■in  # 


■jj  (sin  •  •  0 


(3-5) 


with  'i'Cr,  e,  ■  f(F,3,n). 

Th#  iMundnrj  coadltionn  on  Y  nrm  Indnpondwnt  of  r.  If  Eq.  3*5  Is 
Indop— 4mit  of  ?  wh«n  If/tf  is  nnsitMd  horo,  tho  f  which  •atiafion  tho 
boundary  conditioaa  la  Indapaadant  of  r.  Aaauning  3Ty^3y  «  0  in  Bq.  3*5 

flwaa 


•  ,  a  3V,  a*  a  3  ,  1  3  ,  .  ^  3v. 

^  7T~  “K  ^  ;iTi  *»  e  »  0. 

sin  • 


(3-6) 


which  la  Indopandant  of  f,  and  tha  a^aunptlon  la  Just! f lad. 

Tharafora,  tha  original  thraa  dlnanaioaal  problaai  in  apharical  coordinataa 

ia  l  aducad  to  a  two  dlnanaional  problaa,  and  tha  ate  tic  potantial  can  ba 

axprasaad  in  tama  of  only  two  wariablaa  a  and,  9. 

3,2  Saparatad  Solutiona  for  l^placaja  hquation 

A  furthar  ainplifl cation  in  tha  two  dlnanaional  laplaca'a  aquation  and 

the  boundary  conditions  is  obtainad  by  usa  of  tha  subs tl tut ions 

T  «.  in  a,  V(9,  T)  a-  YU,  b,  s) 


which  raducaa  Iq.  3*6  to 


»v  I  • 


3v 

(sin  •  u*)  *  0 


(3*7) 


T  m  in  B  f  th«  bouiwtArf  condition*  in  t«mn  of  6  4  t  are 

n  n 

Y  «  f  or  *1 ,  ♦  atak  <  t  <  t  .  4-  Wak 

o  1  2 

V  »  ^Y  for  T  ♦  2lfak  <  t  <  t  .  ♦  2Yak 

o  3  4 

’■  -  0,  ^1,  i2,  is .  (3-8) 

vkicit  ar*  periodic  in  t  with  period  3ira.  aieparnte<>  solutions  of 
Eq,  S-7  can  be  obtained  by  aaauainf  a  solution  of  tbe  fore 

Y^*A^6er**^  (3-9) 


is  a  coeplex  constant  dependent  o»ay  on  a, 
6  s0  (•)  is  independent  of 


n  is  required  to  be  an  Intofer  to  have  solutions  sitk  a 
periodicity  in  t  afreeinc  vitk  tke  boundary  couditions.  The  use  of  a 
sun  of  ooBples  functions  to  represent  a  real  potential  is  convenient  as 
separated  solutions  of  the  font  O  (•)  cos  ^  t  or  O  (•)  sin  ~  ,  individu¬ 

ally,  will  not  satisfy  Iq.  3-7.  It  is  shown  in  Appendix  A  that.  If  tho 
potential  is  assussd  real  at  •  «  the  solutions  presently  obtained 
4ive  real  values  for  the  potential  for  all  •  and  t.  it  is  found  that 
will  satisfy  Iq.  3-7  if  0  satisfies 

2  2 
f  +  ctn  8  ^  ♦  [  (J  ^)(l  +  J  - Sj--]  0=0.  (3-10) 

d»  •  ■  g 

a 

Kq.  3-10  Is  a  fors  of  the  associated  Lofondre  equation  of  degree  J  -  and 
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or<t«r  »«  Miller  of  th«  roforoncoi  on  th*  assoointiNci  l,afanilr«  aquation 

eonaidar  only  tlia  apacial  case  of  Integral  order  and  degree.  References 

7 

wliicli  consider  the  general  case  of  coaplea  degree  and  order  are  Hobson, 

S  9 

Satov,  eng  achelkunof  f .  The  notation  used  in  the  following  is  the  same  as 
used  by  Hobson. 


Tiki  two  linearly  independent  solutions  of  Bq.  3>10  are  the  associated 
t>egendro  functions  of  the  first  kind  (cos  OX  and  the  second  kind 

For 

j— 

except  f  t,  end 

km  q!^  (cob  0)  becomes  infinite  at  both  0  a  0  and  F,  it  is  not  useful  in 


IntSk^ral  n  and  real  0,  (cos  O)  is  finite  for  all  O 

<f  m  Jtcos  O)  is  finite  for  all  O  except  0  »  0  or  f . 

If 


the  representation  of  the  desired  potmitial  function  and  need  not  be 
considered  further.  For  0  real  and  ■  a  positive  integer,  (cos  e)  is 

given  by 


m  r(nel4>j7)  . 

(cos  •)  «  X - X  J  ; 

2a  r(-a^l4j5)  '  •  • 


;  a^.1;  sln^  |)  (3-11) 


and  for  a  a  negative  integer  by 


Ji  sin  *9  'T,  .■  . 

rm  (cos  9)  *— - /-(-m-J-,  -aU+J- 

^a  2“(-m)f'  *  • 

where  ^i*  the  hypergeoeetric  function 


a  2  9v 

-  i  -■.I;  .in”-) 


(3-12) 


/^(a,  p.  y:  »)  «  1  +  ^  I  *  **  ♦ . 


and  r  represents  the  gaaaa  function. 


The  fact  that  there  are  no  solutions  of  Eq.  3-10  which  are  finite 
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f 

lor  ilX  rml  0I  •  it  AocMoary  to  divide  the  epoce  ebout  the 

ipJwfftl  atruotur#  into  t«o  ragioiui  with  a  different  Mtheanticml  repreeenta> 
tion  for  the  fielda  in  each  of  the  refiona.  The  log! cel  boundary  to  uae  la 
th«  eoee  9  «  0^  aa  ahowti  in  Fit*  4. 


gssO 


riOUU  4  BOUNDhRY  COMDlTIdllS  AT  0  ^  6  . 

n 

In  region  1  for  •  <  •  »  I^a  (coa  9)  can  be  uaed  in  repreienting  the 

o  .3, 

potential,  and  in  region  II  for  0  ?*■  (-  coa  0)  is  appropriate. 
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0.  tl»  boumtorr  wrnc.  e  -  6^  tj«  pot«.tUl  fro.  both  r*iio=»  «.»t  b« 
or  on  tlio  nnm  ot  iko  spiral;  also,  ths  sxprtssions  for  tli#  potsntinl 
froa  tko  two  rwsiona  and  tliolr  noranl  dwrlvntlvos  oust  sistcli  slong  ths 


fsp  bstwswn  ths  sms,  Ths  ^Torcsd  sspsmtlon  of  ths  potsatlal  sxprsssions 
Into  two  rs^lona  crsstly  coapllcntss  ths  problsa  ns  it  bscoass  n  houndnry 
vnXuS  prohlsa  with  alasd  houndnry  conditions. 

Ths  npproprlnts  sspsimtsd  solutions  of  ths  two  dlasnslonnl  laplncst  s 
squntlon  with  spiral  vnrlnblss  srs 

«  A:  (cos  ^  e  *  a  ^  8 

a  a  .a  —  o 


and 


(3-14) 


A  slnfls  rnlus  of  a  In  liis.  3-14  Is  not  sufflclsnt  to  asst  the  rsqulrsd 
boundary  conditions,  but  a  suanation  of  teras  of  this  fora  ovi^  all 
intsfsr  valuss  of  a  will  bs  found  adequati .  Tns  sxprsssions  for  the 
potsntial  at  any  point  ars 


V(S 


and 


.T)  =  \  A  (eoa  6)  •  • 

■  j5i 

\  B  P  (-CO  8)  s  ■ 


8i8 


(3-15) 


v(e,T) 


eie 


Ixprssslons  for  ths  cosfflcisnts  A  and  B  will  bo  dsrlvsd  In  the 

a  a 

succssdlng  sections. 


3.3  Th«  Fotwitfl  !■  Ttm  of  FofBtlal  at  *  * 

Ths  cosfflcisnts  A  and  B  will  bs  dstsralned  first  in  teras  of 

a  a 

tbs  potsntial  distribution  V(8^,t)  sxistlnc  on  the  boundary  8 

Ths  potential  on  the  b  undary  is  a  continuous  periodic  function  of  r, 


* 


and  my  b«  expAiul^d  in  a  fourlar  leriea  a« 


V(8^,T) 

■  »*eo 


(3-16) 


witli  the  coefficients  C  flven  by 


T^4-3ta 


V(«  .T)  e 
o 


Froai  Kc|S.  3-15  and  3-16  the  relations  between  A 

I 

C 


-A 

’'a 


dr 


B  >  and  C  are 


(3-17) 


and 


(cos  6  ) 
o 


(3-18) 


B  = 

n 


(-cos  6  ) 
0 


l^s.  3-17  and  3-18  express  the  coefficients  A  and  B  in  toms  of  an 

a  a 

arbitrary  dlstrilMition  of  potential  in  the  gap  with  respect  to  t,  and 
they  aaaure  that  the  potentials  froa  regions  I  and  II  aatch  at  the 
gap.  The  potential  distribution  in  the  gap  is  not  arbitrary,  but 
la  restricted  by  the  requireaent  that  the  noraal  derivative!  of  the 
potential  aatch  at  the  gap. 


3.4  hatentlal  on  the  Boundary  for  a  Basil  Gap 

Aa  the  gaps  betveim  the  spiral  aras  are  aade  saaXl 

and  4  2Ta  (3-1 

For  arbitrarily  saall  gaps  the  potential  is  specified  over  the  entire 

eoae  •  «  t  as 

o 

V  *  ♦  V  T  4  Brah  <  T  <  T  4  ayah  t,  4  BTak 

01  2  9 

V  *  -  V  ♦  3fak  <  T  c*  T  4  avak  «  t,  4  2Wa(k4l) 

0  9  a  1 

k  *  0.  4  I,  +  a 


f  •  *  • 


(3-20) 


,Tj^4-2tr* 


is  given  by 


c  ^ 


I 

r 


an 


V  e  ■  dT 

o 


u 


V  e  dT 
o 


(3-21) 


tAd 


C  «  V 
0  o 

jV 

„  _ < 

tw 


-  T 

2 _ I 

Tr» 


-  i 


e  -  ®  j 


^  0 


(3-22) 


Suk>stitutlon  of  fro«  Ea.  3-22  into  Iqs.  3-18  mnA  3-22  gives  en 
explicit  expression  for  the  potential  at  any  point  in  terms  of  the 


paraseters  a,  and  9^  as 


V 

f 


il2i 

fa 


-  1 


V 


T  -  T 

_2 _ [I 

Wm. 


-  1 


-  e 


(cos  6) 


'  "Va  il 

e  -  e 


p  (cos  e  ) 

j? 


P  (scoa  9) 


e^e 

-  o 


(-cos  0  ) 
‘'a 


(3-23) 


e>e 

-  o 


3.  a  potential  on  the  Boundary  for  an  Arbitrary  Gap 

With  an  arbitrary  gap  between  the  arms  of  the  spiral  the  problem 

of  detarsining  the  potential  distribution  in  the  gap  is  complicated 

by  the  aimed  boundary  conditions. 

Smsct  solutions  for  sobs  tvo  dimensions!  potential  probleaa 

with  mixed  boundary  conditions  can  be  obtained  by  using  conformal 

sapping  techniques'^.  For  sxample^  an  exac;:  expression  can  be  obtained 

lor  the  potential  diatributioa  across  s  slit  in  an  infinite  plane 
12 

shest  For  a  iiaall  gap  in  the  equiangular  spiral  structure  the 
potsntial  in  the  gap  eight  be  approximated  by  using  the  distribution 
obtained  froa  the  plane  sheet  case,  however,  there  does  not  appear 
to  be  a  simple  method  of  deriving  an  exact  expression  for  the  potential 
In  the  gap.  Any  method  seems  to  depend  on  an  Iterative  procedure, 


t:])t  siMiIttn«oiu  solution  of  an  infinite  net  of  eciustiona*  or  the 

eequiv^ftlent  However ,  if  the  %%p  potential  is  approKinated  by  using 

m.  finite  nunber  of  tema  in  the  Fourier  expansion  of  £q  3*16,  the 

13 

Xeift;  iquarea  criterion  provides  a  xethod  for  deterainlng  the  best 

valuns  far  the  coefficients,  ApprozlBating  with  21I4-1  tersa  of  the 

series  and  uslnf  the  anbacripts  I  and  II  to  identify  the  approxieate 

solutions  for  6 <6  and  6>0  respectively,  the  expreasiona  for  the 

o  o 

potential  are  fros  Iqs.  3-15  and  3-18, 

F*  (coa  9) 


(eoa  9  ) 
o 


P  (-COB  8) 

- - - e 


Js 


(-coa  6  ) 
o 


9  <9 


a  >9 


(3-24) 


In  terns  of  C  the  potential  at  8  6  is 

■  ^  o 


>  .  -s 


Vx(V^)  =  V  (9  T) 

Sss-M 


(3-25) 


For  ih  the  potential  due  to  using  a  finite  nunber 

of  terns  la 

V  -  >  C  8 


O 


l—i 

B«-|f 


sad  for  '*’3  ^  ^  "*’4  error  ia 


for  8<8  tiM  notsal  derivative  Of  the  potential  is 
o  . 


»v,i 


dP^_  (COB  e_^)  _ 

4;  4?^ 


wherti 


d  (cos  0  )  d  P*  (cos  0)  *1 

d0  d0  ^  i  e=e 


and  for  0>0 

> 

dp"  (-cos  0  ) 

4®  O 

40 

As  ths  norasi  derivatives  should  t>e  equal  in  the  gap  at  e 
error  Is  „ 


(3-27) 


6  ,  the 
o 


w 


6=0 


6»6 


Y  C  e 

%  m 


J*- 

•Ti 


(3-28) 


where 


(co»  e^) 

•>S 

»%  (CO.  «„) 

^S 


a  s-  M 

dl^  (-cos  6  ) 

(-cos  6  ) 

.a  o 


(3-29) 


The  aean  square  error  M  over  a  period  is 


(3-30) 

By  setting  the  derivative  of  ii  with  respect  to  each  equal  to  aero, 
a  spstesi  of  211  4-  X  equations  and  2M  4  1  unknowns  is  obtained  fr>  any 
nfin-Stt'D  width  of  the  spiral  eras.  As  is  real,  is  the  coaplex 
conjugate  of  C^,  and  the  equations  nay  be  reduced  to  M  4  1  equations 
and  M  4  I  unknowns.  Using  a  to  indicate  the  coeplex  conjugate,  the 


firit  of  tliete  equations  Is 


m 

-  ^1  *  "4  -  ^3>  -  Vo*  >  *  Vo*  1  -  Z 


<1  -  Yr^V*  > 
*0  *0 


fc  L  +  C  L  1  «  V  \r„  -  T,  «  T  4  T  1 

■  m  -liJ  0^2  I  4  3j 


•  *1 


(3*31) 


bM  ths  roaslnlng  M  equations  are  obtained  by  qslng  integer  values  of  p 

’  4 

froa  1  to  II  in 


M 

S'  [  <’i  -  '1  •  ’4  -  '3> « -  v,v  >  •  »•  v;  I '  X  S'  s-"  •  v;  > 


♦Zv 


IH-*  ’p*a 


MmI 

■  f^p 

Jr^4«  *^^^3 

■f  e 


where 


e  -  e 


^  V 

Jp  0 

_  ^  ^  A.  m 

e  -e  -e 

..>4 

J  (3-32) 


(3-33) 


The  alauXtaneous  solution  of  the  M  4>  1  linear  algebraic  equations  of 
Eqs.  3  -31  and  3-32  gives  the  best  values  for  the  (j^'s  in  the  least 
squared  sense  for  arbitrary  paraarters  in  the  spiral  structure,  and 
Bq.  3-24  expresses  the  potential  in  terns  of  the  C^*s. 

Even  though  Iqs,  3-31  and  3-32  nay  be  sinplified  soeevhmt  by  an 
appropriate  choice  of  the  various  paraaeters,  the  labor  involved  in 
Mtklng  a  nuaerical  calculation  of  the  potential  does  not  seea  Justified. 
The  stitic  solutions  were  originally  considered  to  obtain  a  feeling 
for  probleas  with  spiral  boundaries  and,  also,  with  the  faint  hope  that 
there  night  be  a  siaple  relation  between  the  static  and  tine- varying 
solutions.  The  fact  that  relatively  siaple  expressions  for  the 
potential  can  be  derived  when  the  gap  between  the  spiral  arai»  is 
SBsll  Indicates  that  it  is  worthwhile,  at  least  for  this  special  case, 
to  consider  the  auch  wore  difficult  problea  of  deterainiuK  th*; 
elect maagnetic  fields  produced  by  the  equiangular  spiral  antenna 


3.6  Expressions  for  the  Electric  Field  Intensity 

The  three  spherical  coaponents  of  the  electric  field  Intensity 


can  b#  detarvlnod  by  taking  the  negative  of  the  gradient  of  the  potential, 

K  »  “  grad  V  (3-34) 


The  reataltlng  ezpreailona  for  the  electric  field  intenaltlea  in  teras 


of  the  C  *»  for  0<6  are 

m  o 


«  I 

a  1*  — 
r  T 


p"  (coa  0) 


^a  ■ 


P  (coa  0  ) 


e 


j5r 

a 


dl^  (coa  0) 


dO 

-  -I--  -  - 

P^  (coa  6  ) 


P  (coa  0) 

J?  A 


r”  (cos  e  ) 

a  o 

^a 


(3-35) 


and  for  6>0  the  expreaalona  are  the  aaae  except  that  (cos  0) 
and  di^.  (coa  6)  are  replaced  by  (-coa  0) 

Ji  ^ 


a« - 

and  dl^  (-coa  0)  reapectlvely.  It  la  noted  that  E  and  E^  for  any 

^  ^  r 


de 

spiral  structure  and  all  8  are  alaply  related  by 


S 


£ 


sin  0  r 


(3-36) 


for  the  static  fields. 


4.  rm  EL5CTR0IIAGICET1C  FIELDS 


4,1  Introduction 


To  4et«mlne  exact  solutions  to  a  general  antenna  probieBj 


Maxwell  equations  are  often  used  as  a  starting  point. 


In  differential 


fora  for  a  hoaogeneous,  isotropic,  sourcefree  region  they  are 

curl  i  «  -  ,1  ^ 

curl  H  =  <  - 


(4-1) 


The  ellaination  of  E  (or  H)  in  Eq.  4-1  results  in  the  vector  wave 
equitloa 


—  Be 

curl  curl  1  +  u  t  =0 

-  >■  g^2  (4-2) 

In  £  (or  H).  By  considering  aonochroaatlc  sinusoidal  oscillations 


the  tlac  dependence  nay  be  resowed .  Using  the  conplex  misber 

jwt 

representation  with  e  tine  convention 


E  ~  Re 
H  *  Re 


(4-3) 


and  the  vector  wave  eqiatlon  recluces  to  the  vector  Helsholtz  equation 
Ir  K  (or  H) 


curl  curl  E  (4-4) 

with  . 

It  xtj  desired  to  find  solutions  of  Eq.  4-4  which  sattsfy  the  boundary 
conditions  of  an  equiangular  spiral  structure  and  meet  the  physical 
r€>quireaents  of  an  electrosagnetic  field, 

4.2  An  Qrthoaonal  Spiral  Coordinate  Systea 


To  obtain  the  needed  solutions  of  the  vector  Helsdiolta  eqsi-tion, 


it  im  very  desirable  to  mu  coordinate  systex  which  ’‘fits’* 


the  boundaries  of  the  eqaianfiiisr  s|)iral  structure*  When  ihe  sntenns 
is  developed  In  the  plane  d  t/n  sn  orthogonal  coordinate  systex  which 
’’fits”  the  antenna  xay  be  developed*  In  terxs  of  the  usual  cylindrical 


coordinates  p,  and  z  let 


8  -  P 

t)  =  p  e^/* 


(4-5) 


and  Cl  orthogonal  syatex*  In  the  plane  a  «  0  a  line 

of  constant  ^  coincides  with  an  edge  of  the  ai.tenna,  and  lines  of  constant 
r|  forx  a  sat  of  equiangular  apirala  which  are  perpendicular  to  the  edges 
of  the  antenna.  However »  thla  coordinate  ay  at  ex  is  not  one  of  the  llxited 
nvuber  of  orthogonal  aystexs  in  which  the  vector  Helxholtz  equation  is 
se’^iarable,  and  no  xrthod  cottI.d  be  found  to  adapt  it  to  an  exact  solution 
of  ths  equiangular  spiral  antenna  problex.  This  systex  xs  useful 
in  solving  spiral  problexa  In  which  there  is  no  variation  in  the  z 
direction,  and  is  nentloned  here  ma  it  seexs  to  be  an  "obvious”  systex 
to  use. 


llUi -f  1 1^  .1  lUi  Ji> 


The  fact  that  the  static  potentials  caa  bo  exp  eased  in  terxa  of 
only  jthe  two  variables  a  and  9  auggeata  thiir  use  as  the  basis  of  a 
spiral  coordinate  systex.  The  tioe*vxryinc  fields  can  not  be  expressed 


in  terxa  of  s  and  9  only,  and  tho  "logical"  choice  for  a  third  variable 
is  one  which  will  coxpLete  sn  orthogonsl  systei.  Letting  p  »p(r.e,4)) 
represent  the  third  coordinate  variable,  s  unit  vector  p  which  is 


nomil  to  ft  surface  of  constant  p  Is  given  by 


A  ^  grad  p 


(4-6) 


I  grad  p 

To  fom  an  orthoiponal  systea  p  must  satisfy 

A  /\  A 

P  ’*  »  X  A  (4-t) 

where  •  and  d  are  unit  vectors  noraal  to  constant  s  and  p  surfaces 


respectively.  The  eapreasion  for  a  is 


A  grad  a 


ain  & 


*1/2  a 

a  4  sin  e 


A 

r  - 


j 


2  2 
a  +  sin  e 


A 


Coabl.ilng  Kqa.  4-6,  4-7,  and  4-8  gives 


(4-8) 


gr-jid  p 
frad  pi 


A 


sin  6 


2 

s^n  6 


fl  72  ^  “  /  2 

^a  ♦  sin  8  ^  a  + 

which  leads  directly  to  the  three  separate  equations 


(4-9) 


dp 


grad  p 


sin^  8 


®P  n  j  ®p 

^  *  0,  and  ^ 


grad  p 


/ 


.  2  ^ 
r  sin  6 

2  2 
a  Hh  sin  9 


(4-10) 


Froa  Zqc  4-10,  p  must  be  both  independent  of  8,  and 

8p/^r  a 

'rrm  - - ■ 

r  sin  e 

The  desired  function  p(r,0,^)  does  not  exist,  and  It  is  not  possible 
to  fora  an  orthogonal  coordinate  aystea  using  a  and  B  as  two  of  the 
variables. 

for  lack  of  a  better  set,  the  variables 


u  s=  pr 

0  =  e 

B  =  re 


-a(p 


(4-11) 


art  used.  This  oblique  coordinate  syatea  has  two  distinct  advantages. 
It  permits  separated  solutions  of  the  vector  Helaholtx  equation  which 


are  slstilar  to  those  obtained  wjth  the  sjaherlcal  coordiiiEte  systtik 
Also^  with  It  both  the  vector  Hf’luholt*  equation  and  the  boundary 
conditions  are  independent  of  As  this  systen  Is  oblique  It  Is 
often  convenient  to  express  the  various  coKponents  of  the  field 
vectors  in  a  nixed  system  using  the  spherical  unit  vectors  r,  0, 

A 

and  and  the  spiral  variables  u,  9  and  s.  At  times  the  spiral  unit 


vectors  i  and  p  given  by 


A 

S  = 


sin  6 


^a  4- 


A 

r  - 


sln^  e 


/T 


A 

<P 


A 

P  = 


yjT 


A 

—  r  + 


va  +8x11  0 

sin  9 


(4-12) 


4  2  ^ 
sin  0 


yj 


</> 
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a  +  sin  6 

and  the  field  intensities  in  these  directions  will  also  be  used 

4.4  The  Vector  Helmholtz  Equation  with  Spiral  Variables 
The  vector  Helmholtx  equation  expanded  in  spherical  coordinates 

is  given  in  £q,  4-13.  For  p  4  ^  mixed  spherical  spiral  system 

Kq.  4-13  becomes  Eq.  4-14.  Originally  the  vector  Helmholtz  equation 
is  a  function  of  four  variables  r,  9,  (p,  and  p,  but  Eq.  4-14  (and  the 
boundary  conditions)  are  a  function  of  only  the  three  variables  u, 
s,  and  9. 

4.5  Separated  Solutions 

As  Maxwell ^s  equations  include  the  relation  div  E  =  0»  the  vector 
solutions  of  Eq.  4-14  may  be  exT^ressed  in  terms  of  only  two  scalar 
functions.  One  of  the  scalar  functiona  can  be  chosen  to  generate  a 


transverse  electric  (TE)  field  with  E  -  0,  and  the  second  scalar 

r 


function  chosen  to  generate  a  transverse  msgnatic  (TM)  field  with 
=r  0.  Using  a  prime  to  Indicate  the  fields  of  the  TE  solution 
and  double  prime  for  the  fields  of  the  TM  solution,  the  total  electric 


(.in  ^  <K^))  [^jg2_  ^  itt  y  -  .  .in 


and  magpetlc  fields  are 


iS  =  E  4-  E 


H  =  h'+  h" 


(4-15) 


Considering  first  the  TE  caae,  a  scalar  function  It  »  It  (u^fljS)  which 


gives  a  field  with  -  0  suiy  be  derived  fro* 

curl  f  n' 

I  =— p —  ■ 

satisfies  all  three  of  the  equc  lions  contained  in  Eq.  4-13  if  It 


(4-16) 


Is  a  solution  of 


sin  9 


a 

B9 


(sin  ®  ^  ) 


+  (1  + 


,  8  ,  an'  8^' 

— -r->  *  K  <“  is)  ^ 

Sin  6 


2  8  .»  8n'  2  8^'  2n<  . 

ou 


(4-17) 


The  solutions  of  Eq.  4-17  will  be  obtained  In  separated  form,  and  as 


lore  than  one  of  the  separated  solutions  will  be  needed,  let 

n'=LA',’r, 


/ 

’K  K 


(4-18) 


where  A'  is  a  constant  and indicates  a  sumaation  over  all  appropriate 

^  K 

values  of  the  separation  constants.  Making  use  of  the  same  substitution 


that  proved  useful  in  the  static  solutions, 

T  *  In  s, 


n  satisfies  Eq.  4-17  if  is  a  solution  of 

K 


sin  9 


■ft  dff'” 

le  (»in  e  -g^ 


t>h' 


djr' 

.  .  a  ,  g  .  A  .  2,1  A, 

+  (14 - ;r~)  +  u  ^  +  u  (~ 


sin*  e 


4-  - fP'  4*  U^t  *  0 

dil^  ^ 


(A-20) 


27 


A»ai«ii±ii(  a  geparatMi  solution  of  Uo  fora 

i  A 

0<u)  0(0)  o  * 


(4-ai) 


vltk  U  IfUlopaadoat  of  •  aad  atul  O  tndoFondont  of  u  aai  t» 

la  •  aolutlon  of  Xq.  4-20  If  U  «r^  •  satisfy  tbo  cr^  oary  dlfforontlal 


eq.uttloaa 


^  <f  etn  e  ~  -I-  (w(v4l)-  — *  — ]  6  ■  0 
4i  sin  *  0  ' 


(4>22) 


2 


y  Is  a  soparation  constant,  aatf  tka  approprlato  valuta  for  v  and  a 
ar«  still  to  bo  datomiaod.  To  bava  fltlda  ubleli  vary  ptrlodlcally  1. 
f  'With  a  porlod  of  2Va,  a  aunt  bo  Intoeral.  It  will  later  bo  ahovn 
Utat  the  required  values  of  v  are  coaplex. 

2C*1.  4-23  la  alailar  to  }Bq.  3-10  obtained  in  the  aU  **  solutions 
and  if  a  fora  of  the  associated  Legandro  equation  cf  d'*rta  v  ar 
er<der  a.  The  two  linearly  ^rdepondont  •aolutlons  of  bq-  4-22  a  tho 
aaaoelated  Logeiidre  fuactlona  of  tbo  ftr«t  kind  (cos  3)  an’  (  • 
second  kind  (cor  0).  For  a  sero  or  a  posltlvo  Integer  40  .r* 

so  lolutioss  of  Eq.  4-22  vhieh  aro  tXa*  >  «>  ^ll  real  values  of  4 
unless  V  Is  an  Integor  greater  than  or  equa«  to  a  Since  v  1  not  to 
bo  sa  Integer,  It  la  again  necoasary  to  consider  a  latiM«s  1*  two 


resiMia*  as  illustrated  la  Fig.  4.  For  tho  roquirod  »  u.iea  of  v, 

(1^*  (COS'  O)  becooMM  infinite  both  at  O'  ■  0  and  F  and  is  not  usoful 
lor  reprosentlDg  a  physical  field,  (coa  0)  la  flnito  for  all  O' 


except  9  e  F,  and  for  a-  sero  or  a  poaitlvo  integor  la  glvon  by 

pj  ,, .  iri.’titeai.  ^  P(..v,...ai  Ml,  .1.*  S, 

2"  r  (V-B^l)  n  I  ^ 


/■/ 


(4-24) 


And  for  ■  II  negative  integer  by 


P  (coa  0) 
V 


ain  6 


(V-BM-l 


-a-y;  l*»j  sin 


2  B 


(4-25) 


(coi  6)  may  be  uaed  in  representing  the  fields  in  region  I  for 
e<e^,  and  P  *  (-cos  0)  uaed  in  region  II  for  e>  0  . 

O  y  '  '  »  Q 

Solutions  of  Eds  4-23  can  be  eatpre^sed  in  terms  of  the  Bessel 


functions^®  as 


U(U)  z:  U^U  *  Z^^j(u) 


(4-26) 


16 


where  Z^^|(u)  representi  a  Beaael  function  of  order  v-fi.  Watson 
has  given  a  very  detailed  account  of  the  properties  of  the  Bessel 


fuBctiona  of  complex  order.  The  Bessel  function  of  the  first  kind 

17 

Vi  (u)  of  order  vtiiils  defined  by 


^  (I 

/  xPl 

P--0 


(4-27) 


Por  complex  values  of  v,  J  linearly  independent 
solutions  of  Bessel ^8  equation,  and,  therefore  the  needed  solutions  of 
Iq.  4-23  can  be  expressed  by  using  only  Bessel  functions  of  the  first 


kind, 


Using  the  subscripts  I  and  II  to  indicate  solutions  valid  for 


0  :0  and  6  .>  6  reapectlvely,  the  general  forms  for  the  scalar  function 
o  o 

n  which  generates  the  TK  part  of  the  fiOAd  are 


for  region  1,0-0 


o 


fi  4^m  i  ^a  ,  (u)  „  m  ,  a 

IL  ~  /  A  u  u  J  >  P  ( cos  0)  e 

i  Zla  ^  ^ 

V  m 


(4-28) 


far  region  II,  0)8 


'J 


in  » 

„/  1  "'‘i  ,  (u)  „ »  ,  V 

iMrs 


(4-2H) 


// 


In  m  iiiiilir  mnn^t  the  expressions  for  the  scalar  11  which  generates 


the  TM  part  of  the  field  are 


for  region  I,  e<  8^, 

■  n 

1  -i—  J— T 

,  (u)  ^  m  .  *'a 

Ay.  u*u  £  P-  (cos  0)  e 

V  v+f  V 


n; 


for  region  II,  e>e 


o 


(4-29) 


n 

A 


V  m 

where  v  la  the  separation  constant. 

Froai  Eqs.  4-16,  4-28,  4-29,  and  Maxwell equations,  the  fox  lowing 
expressions  for  the  electric  and  magnetic  fields  with  spiral  variables 
auy  now  be  derived. 


TE  Coaponents  -  Region  I 

'-jf 


0  <0 


E'  *  0 

r--  1  -J= 

s  )  A  (J-)  u*u  J  .  1  P  (cos  8) 
0  u  iln  8  V  *'a  vf  |  v 


m 


mv 


-Jt  ,..v  <ip."(cos  e,  A 


(u)  .• 


■'v*i 

rrv 

a  m^ 

-J^h'  «  ^V(WI)  a'^"  u^u  P^"  (eo«  0)  P  * 


mv 


(4-3na) 

{4-30b) 


(4-30C) 


(4-30d) 


"t 


J? 


/  1  i  ^  IM  4 

■J^Ha  '  I  *v  “  " 

r.v 


oo  .  Jl 


u*^v+i  ^  ^v-|  J  d9 


<4-30e) 


-snn 


'<!> 


u  tin  9 


Vi  ^  Vi 


I^{co«  e)e  * 

(4-30f) 


TM  Conponenis  •  Kegion  I  e<9 


1  .»  I  -j?  /..A  -  •j?’’ 

K^'=  -j  7  P{v+1)  A.  u^u  J  ,  P."  (cos  0)  e 

u  W 


(4«30g) 


E 


e 


1  r*"- » *^f  V 

—  /  A-  u*vi  J- 

u  ^  V  L 


(u)  ,  (u) 

V+i  •’v-i 


d  (cot  9)  J^T 

V  _  t 

3e  (4-30h) 


'«#» 


It 

*  )  1  r  'v, 

=  'riire^v^v  ^  r 


(u)  (u) 

vti  ^  Vi 


. 

p"(cos  e)e 


(4-301) 


-j^h: 

T 


■jn»; 


0 


-  rf.71!  I  *;■<■<;> 


'M 


(U) 


P-  (oot  0)  e 


1— T 

•^a 


(4-30J) 


(4-30k) 


1  »  1  ^  P-  (CO*  ®) 

1  >  a*  ■  .i..  *  r  («)  V  _  ^'^a 


-  jnH^  *■  u  J^v+l 


de 


(4-301) 


In  region  II  for  9>9  the  general  exprettlons  for  the  fields  are  the 

0 

hjn  H 

suae  ts  those  given  in  Bq.  4-30  with  A  ,  A^  ,  P  (cos  9), 

d  P  “(cot  0)  ,  d  P«*(cos  0)  . 

— ,  P^  (cot  9),  and  - ^ -  replaced  by  ,  B.  , 


dT 


d  P  *(-coa  6)  d  P^*(-cos  0) 

P^*(-co«  0),  «  -  .  Fp  (-cos  ev  and  — — ^ - 

4.6  The  Fields  fro«  Spaclixed  Conditions  on  thi*  Boundary 

The  values  of  v,  n,  A  *,  A^“,  B  “  and  B  *  of  Eq«  4-30  can  he 

'  '  y  '  y  '  P  ^ 


deteralned  in  teias  of  the  tangential  electric  “^JeJd  M  0  *  0 


For  u.  .ntenn.  devolopod  on  the  cone  6  =  .1th  one  conducting  nr. 
betirecn  »nd  and  the  other  between  and  the  fields  are 
periodic  in  t*  the  tangential  field  intenaity  over  one  period  muy 
toe  esqiresaed  as 


0 


0  <  T  <  Tj, 

1(U,T)  <  T  <  Tg, 

0 

g(U,T)  <  T  <  Tg, 


T 


T  <  T  <  T  +2ira 
4  1 

r  <  T  < 

3  4 

T  <  T  <  T  +2tiril 

4  1 


(4-31) 


f(u,T)and  g(u,T)  are  the  r  and  (p  coeponenta,  respectively,  of  the 

electric  field  intensity  in  the  gap  and  are  asauned  specified. 

’  a  "si 

As  ■  0,  A  and  B_  are  determined  froa  E  only, 

r  r  V  r  j 

o 

Por  smy  constant  u,  if  B  1  -  .  in  one  period  t«  continuous  except 

rj 

o 

tor  a  finite  number  of  finite  dlscpnt^iiilties  and  has  only  a  finite 
nuabar  of  aaxiaa  and  alniaa,  it  aay  be  represented  by  a  Fourier 
asrias  whose  coefficients  are  functions  of  u  alone. 


Thus, 


£ 


r] 


•*» 


f  (u)  e 

IR 


With 


T^^2ta 


-.1~T 

a 


f(u,T)  e  dT 


J. 


(4-32) 


(4-33) 


18 

Jtoklng  use  of  Gegenbauer’s  generalisation  of  Neuaann's  expansion  , 
uf  (u)  aay  be  expanded  in  a  series  of  Bessel  functions.  Considering 

fli 

u  as  a  coBplex  variable,  if  af  (u)  i.*»  an  entire  function  it  aay  be 

ml 


AZpandad  in  the  series 


n*0 


-I  ,  (u), 

P+j5  “ 

a  a 


(4-34) 


rrhicfe  cf>averges  for  all  u.  The  coefficients  C  .  may  he  found  bv 

Itr  j— 

a  (ill  ^  19 

■aklng  USD  of  Gegenbauer ' s  polynomial  If  t  defined  by 

4?i  n 


R 


p”  ’  2p 

R  <“>.  ill'V'Q  /_  L<sc£pl/^] 

n,K  ^  (pTTlSj 


(4-35) 


n,IC 


(a)  and  the  Bessel  functions  of  tlie  first  kind  satisfy  the  relations 


j  (“)  R  (“) 

«  a#  a.  M 


2  2 

u  "  J  '-'II  du  «  0  k  4  n 

nfk  k,ir  a  ▼  n 


(4-36) 


-If  (u) 

'*  n+K 
c 


R.  i“> 


where  c  Is  a  closed  contour  encircling  the  origin  once  in  a  positive 


direction.  Using  these  eapresslons,  C  ^  can  be  expressed  in  terns 
of  f  (u)  as 


C  ■  •STT-  J  uf  (u)  ■  . 

J  ■  du, 


(4-37) 


or  in  terns  of  f(u,'r)  as 


J‘<”)  4  (  Jt 


r's  -jSr  / 

I  uf(u,T)  e  *  dT  +  I  uf(u,T)  e  *  dT 


-jBr 


J  f 


n  («> 
n  i .  .■  du 

n. 


(4-38) 


■r] 


has  now  been  expanded  in  the  double  aerlos 


\ 


r  I 


n«0 


.  '2  -j5  , 

,  “  u  •  jB  ' 


(4-39) 


€ZcNipa.]rifiK  4*39  and  4*30g  th9  characteristic  values  of  v  are 


V  •  nf  J. 


(4*40) 


with  n  tmkins  ou  integer  VBlues  froa  0  tr  +oc,  and  m.  integer  values 


JTron  -ex?  to  +  o<? .  AIsoi 


/a  /» 

“Vj? 


r  ■  « 


mnd 


‘'a  '' 

*  B 


a  Pjlj.  V 


(4-41) 


^  "*^1  (afjS)(ofl+J-)  P  -  .  <-'»•  •o> 

•  »  n+Jj 

Therefore,  Bqs,  4-38,  4*41,  and  4*30  used  In  this  order  give  explicit 
axpresilons  for  the  TM  coaponents  of  all  the  electric  and  aagnetlc 
fields  in  terns  of  the  specified  tangentikl  electric  fieid  in  the  gap. 

After  the  TM  conponents  of  the  field  are  determined,  the  TE 
coaponents  nay  be  obtained  in  a  slnilar  aanner. 
lipandlng  _  in  a  Fourier  series, 


L  •  ‘ 


wit  it 

2Fa  g  (u) 


1-^ 
a 


o 


■^3  -A  .j 

t(u.r)e  •  dT  +  I  B(u,T)e  *  dr  -  |  K^j 

r.  Jt.  Jr.  " 


(4-42) 


-A 

e  *  UT 


(4-43) 


Eipanding  ug^(u)  in  a  series  of  Bessel  functions, 

-j? 


litli 


ug^(u)  «  c  ^  .a  u*u  J  ,  a 

n'j-  n4  4*^j- 

n*-l 


C  t  ug  F?  *  du 


(4-44) 


(4-45) 


Thete  equations  express  E 


in  a  double  isries  as 


IJ«W 


JtT 

■f 


<4-46) 


Coepering  Iq.  4-46  with  £q.  4-30b  the  characteristic  values  of  v  are 

V  ^  n  4  (4-47) 

with  n  taking  on  integer  values  fro«  -  1  to  ,  and  m  integer  values 
team  -  oo  to  -i-***.  Also, 


S’’d 


/u  .<s 

A  ss  A  .■ 
V  n4j~ 


-n*J- 


<1  (CO.  e^) 

0' 


de 


(4-48) 


-C 


B..  *  B 


n-f  J — 


dp  .a  (-ros  d  ) 
n-f  o 


de 


In  terns  of  g(u,T).  Eq.  (4-45)  can  be  expressed  as 

T 


J  m  1 

“+j^  “ ;  ,-.2 

‘'a  Ja(2f) 


ug(u,T)e  dT  + 


-A 

ug(u,T)e  *  dT 


n+l,-jfj“ 


+ 


sin  6 

o 


r*** 

(n+l+ A  (2n+3+a  j2) 

Si  A 


where  C.  ^n 


is  taken  as  xero  for  k<0. 


C  .  .a 

(n+j!) (3n-l+2j2) 


(4-49) 


Eqs.  4-49,  4-48,  and  4-30  used  in  sequence  give  explicit  expressions 
for  the  TE  components  of  all  the  electric  and  magnetic  fields  in 
terms  of  a  specified  tangential  electric  field  in  the  gap. 


Aji  The  Boutici>ry  Conditions 

Hiving  derlve4  expreeeione  tor  the  electro«ignetlc  fields  at  all 

politti  In  tems  of  the  tangential  electric  field  at  6  =  e^i  one  Is 

facexi  vltb  the  nore  recondite  problee  of  deterainlng  E  at  0  =  6 

when  the  antenna  is  excited  by  a  source  at  the  origin.  Assuning  5tan 

In  the  gap,  and  froa  it  calculating  the  performance  of  the  antenna, 

is  essentially  the  eHti»ilvaient  of  aasuaing  the  current  distribution 

on  an  antenna.  Useful  results  are  often  obtained  froa  assumed  current 

dlstrlbutlcns,  and  an  assumptir''.  for  E.  in  the  gap  based  on  experimental 

—tan 

measurements  could  be  made.  However,  this  procedure  somewhat  avoids  the 

problea,  aiid  it  would  be  much  more  desirable  if  exact  expressions  could 

be  derived.  The  correct  E  In  the  gap  will  make  H.  continuous 

—tan  —tan 

across  the  gap,  will  correspond  to  a  t’lnite  input  voltage  at  the  origin, 

and  will  aakt^  the  origin  a  source  of  energy.  The  complication  of 

making  continuous  across  the  gap  Is  due  to  the  fact  that  there 

—tan 

are  no  solutions  of  the  associated  Legendre  equation  of  order  a  and 

degree  n  ^  which  are  finite  for  all  0.  This  aakes  the  general 

problea  one  of  mixed  boundary  conditions  with  specified  as 

zero  over  the  surface  of  the  seta?  aras  end  H  specified  as  continuous 

—tan 

across  the  gap.  The  solution  of  problems  in  electr.sugnetlc  theory 
rith  sixed  boundary  conditions  normal  Iv  lead  to  an  iterative  pri»roduro 
where  sr  appr  .xiaate  solution  Is  assuaed  ar^  from  it  better  approxinat iims 
calculated,  ur  to  th  ^  siii,.itan4*ous  solution  of  a  large  (  infinite)  sol 
of  miaul taneoits  viuations 

Regardless  of  the  aethod  us^d  it  seeas  high)  desirable  at 


this  point  to  consider  spproslnstlons  or  sl*pl If lest Ions  which  will 
reduce  the  conplexlty  of  the  problen,  h'slng:  the  ststic  solutions  as 
a  guldti  the  logical  siapllficatlon  Is  to  consider  that  the  gaps 
between  the  antenna  arms  are  snail.  The  equiangular  spiral  antenna 
with  snail  gaps  la  a  practical  antenna  having  broadband  characteristics. 
To  dctemlne  In  a  wide  gap  one  aust  find  both  and  each 

of  which  Is  a  function  of  two  variables,  u  and  t.  por  a  narrow  gap, 
however,  the  electric  field  Is  nlwsys  across  the  gap,  so  It  Is  necessary 
to  find  only  which  Is  a  function  of  u  only,  Alao,  by  waking  the 
anui  of  equal  width  the  war lat loan  of  In  tha  gap  with  u  will  be 
the  aane  for  both  gapa.  For  these  reasons  the  next  section  rill 
develop  a  routine  for  detenlBing  the  electric  field  produced  In  a 
snail  gtp  of  a  balanced  equiangular  spiral  antenna  by  a  source  at 
the  origin. 


5,  THE  BAUHCBD  ANTEKK4  WITH  NARROW  GAPS 


5.1  The  Electric  Tields  at  0  *  d 

o 

As  the  gaps  between  the  arss  of  the  equiangular  spiral  antenna  are 
narrow,  If  the  .ntono.  x.  al,o  balanced 

(l.e.  the  a.-«a  are  the  .a.e  width)  .  T^+,a.  Without  lo.s  of 
generality,  the  antenna  can  be  rotated  on  the  coordinate  axis  to  make 


•  Vs. 


(5-1) 


When  the  gapi  are  narrow  it  is  convenient  to  consider  the  components 

of  the  electric  and  magnetic  fields  which  are  In  the  directions  of  the 

unit  vectors  s  and  p  defined  by  Eq.  4-12.  Using  Eq.  4-12  the  s  and  p 

components  of  the  electric  (magnetic)  fields  E  (H  )  and  £  (H  )  aro 

8  8  P  P 

and  (5-2) 

sin  6 

The  8  coBponent  of  the  field  is  "across**  the  gap,  and  the  p  component 
is  "along"  the  gap. 

The  fields  In  the  gap  are  Illustrated  in  Fig.  5.  As  the  anionnu 

arma  are  made  of  thin  sheets  of  conducting  auiterial,  the  thickness  of 

the  arms  A  6  Is  assumed  arbitrarily  saall,  but  not  zero.  As  *.ha  gap 

width  A ‘f  approaches  zero,  E  evaluated  in  the  );ap  must  approach  zom 

P 

The  field  vectors  satisfy  Maxwell's  equations  and  the  wi U  known 
conditions  at  the  boundary  surface  betw**en  different  widt.  ^  in 

*  I 


sin  • 


/  2  2 

y  a  sin  % 


I  - 
r 


2  2 
a  4  sin  ( 


zero  Inside  the  iietfcl  ar«i,  and  bince  the  tangential  components  of  E 

are  continuous  'cross  a  boundary  surface,  E  is  zerp  just  inside  either 

adge  of  the  gap  at  the  points  t  and  -  ''’3  •  evaluated  in 

bhe  gap  did  not  approach  zSro  as  At— ^0,  E  »'c‘ild  be  discontinuous 

P 

JL  IKK 

with  respect  to  t  between  t  s;  t  and  t  =  t  .  However,  this  discon- 

i  4# 

cinulty  In  £  is  not  allowable  as  the  nedia  is  uniform  between  t  r  t  ^ 

P  ^ 

and  T  ,  Wnen  the  gaps  are  made  small  the  determination  of  the  tangential 
electric  fields  on  the  cone  8  «  is  simplified  as  the  p  compor.ent 
approaches  zero,  and  only  the  s  component  need  be  found. 

As  the  gaps  are  made  small,  E  evaluated  on  the  cone  6  -'0  is 
zero  for  all  values  of  u  and  t  except  t  =:  0,  Vt.  where  it  becomes 
Infinite.  The  integral  of  E-dl  across  the  gap  represents  a  volt  ago  and 
miust  be  finite.  Therefore,  when  the  gaps  are  small  an  approximation 
for  the  tangential  electric  fields  on  the  cone  0  =:  6  is 


^sle^e  [5('r-o)  -  6(T-ira)] 

o 

El  =0 

■pie^e 

o 

6(t-t  )  represents  the  Dirac  delta  "function"  defined  as 
o 

6(t>t)=o  t/t 

o  ^  o 

6(T-'"  )  r-v  T  ^  T 

o  o 

o 


(5-3) 


(5-4) 


and  F(u)  lt»  an  arbitrary  function  of  u  still  to  be  determined 


(5-5) 


The  voltiige  V(u)  across  the  gap  Is  given  by 


V(u)  ^ 


i- 


across  gap 


Integrating  Eq.  5-5  relates  V(u)  and  F(u)  by 

u  F(u) 


P  V(u) 


r~2  ~2 

V  a  +  Sin  6 


(5-6) 


Since  the  antennn  is  balanced  the  voltage  distribution  V(u)  will  be 

the  sane  for  both  gaps,  and  li.n  V(u)  gives  the  input  voltage  exciting 

u— >0 

the  antenna.  By  restricting  the  gap  width  to  be  very  snail,  the  probl  in 
of  finding  all  of  the  fields  produced  by  the  spiral  antenna  has  been 


reduced  to  finding  tha  voltage  tha  gap. 

'v_ 


5.2  Exiiresslons  for  C  *  ■  and  n 

n*1— 


To  have  the  antenna  excited  at  the  origin  by  a  finite  voltage, 

lin  V(u)  nust  be  finite.  Since  V(u)  represents  the  physical  voltage 
u-^0 

obtained,  it  is  reasonable  to  assuae  t^at  V(u)  la  continuous  and  has 
continuous  derivatives  for  all  values  cl  u,  and  can  be  expanded  in 


the  power  serloi 


P  V(u) 


(5-7) 


It  is  assuned  that  this  series  converges  for  all  values  of  u,  and  that  the 

series  derived  using  it  also  converge.  The  coefficients  C^*^a  and 

v«a  * 

C  ^n  of  Section  4  nay  be  expressed  in  terns  of  the  coefficients  t  , 

p 

and,  therefore,  all  of  the  fields  expr^^ted  in  terns  of  a  single  set 
of  unknown  coefficients.  The  substitution  of  Eqs.  5-3,  5-6,  and  5** 
into  Eq.  4-30  gives  an  expression  for  a  as 


foi  II  even 


C  ~  0 


for  ■  odd,  El  ts  0,I,2,3, . .  . 

«ln  e 


V  ^ 

0  n  ^ 

n+J; 


pA 


pCn-p+i+j-) 


Pi  (2) 


W  V2p. 


(5-8) 


Substituting  into  4-49  gives  C  .■  as 

n+Jj 


for  n  even 


f  n 

a 

c'"  ^  0 

-UJ- 


for  m  odd,  n  -  -1 
for  ■  odd,  n-  0,1, 2, 3,.  . 


(5-9) 


C  ■  e  - - - 

*(IW-1  -Jj)  <II*Jj) 


'.'(3) 


2p 


n(n+l)4j-(n+2p>l) 


n+l-2p 


One  aspect  in  the  derivation  of  the  preceding  equations  should  be 


conslc^  'ed  here. 


If  f  (u)  is  derived  froe  Eq.  4-33,  it  is 

"  sin  6 

®  F(u)  m  odd 


f^(a) 


_  /  2  ^  .21 

»a^a  sf 


lin  6 


(5-3) 


f  (U)  0 


B  even 


which  coubined  WAth  Eq.  4«12  expresses  the  variation  in  electric  field 
intensity  along  the  gap  F(u)  as 

ta  A 


r(u) 


„  3  , 

.  *  .in  \  -  J  -.1 

sin  0  /  .^n.f.1-  ^ 

o  * — ^  a 

nsO 


•  J  ^ 


(5-10) 


F(u)  does  not  depend  on  the  aethod  used  in  solving  the  problea;  that 
li,  F(u)  Bust  be  independent  of  a  and  n.  For  any  one  val le  of  n, 


J- 


(u) 


u  independent  of  a,  and  the  series  Bust  be  simrl 


ovmr  Many  values  of  n  to  obtain  a  solution.  It  only  one  value  of  n 
could  be  used  to  represent  a  solution,  the  operation  of  the  antenna 
could  be  de8::rlbed  In  teras  of  *'aodos''  ealsting  on  the  structure,  and 
It  would  only  be  necessary  to  deteralne  what  "aode'^  is  excited  by  a 
source  at  the  origin.  Unfortunately,  the  suaaatlon  over  n  aust  be 
aade^and  F(u)  does  not  seea  to  have  a  slaple  aatheaatlcal  fora. 

5.3  The  Continuity  of  Tangential  H  from  tegions  I  and  II 

If  the  voltage  along  the  gapV‘(u)  is  to  correspond  to  that  produced 
by  a  source  at  the  origin^  It  Is  restricted  by  the  condition  that  the 
coaponents  of  H  tangential  to  the  cone  0x0^  aust  be  continuous  as 
the  gap  Is  crossed  froa  Region  I  to  legion  II.  Referring  again  to 
Fig.  5,  the  s  coaponent  of  H  aust  approach  aero  as  the  gap  width  Is 
aade  saall.  in  teras  of  the  aagnstic  flux  density  B  given  by  B  -  pH, 
any  tlae-varying  coaponent  of  Is  aero  In  the  conducting  ana.  The 
noraal  conponeat  of  B  Is  continuous  across  a  surface,  so  B^  Is  zero 
just  Inside  t^e  gap  at  the  points  t  s  and  r  >  if  In  the 

gap  did  not  approach  zero  as  B  would  be  discontinuous  In 

a  continuous  aedla.  Therefore,  B  — ^0  as  and  H  In  the  gap 

s  s 

approaches  zero  as  the  gap  is  aade  narrow.  To  insure  continuity  of 
the  tangential  ccepooents  of  I  in  the  gap  the  rjlatloa  to  be  enforced  Is 


(5-11) 


where  the  aubscrlpts  I  and  II  refer  to  the  field  evaluated  froa  0<G 

o 

and  0>0^f  respectively.  The  aagnstic  fields  la  the  two  gaps  are  the 
saae  except  for  sign,  so  it  is  rufticlent  to  enforce  Id.  5  -11  only  at 


the  gap  at  t  x  0. 


In  Appendix  B  expressions  for  H  evaluated  at  the  gap  are  derived 

r 


In  tens  of  the  coefficients  of  the  power  series  expansion  forV(u). 
It  is  shown  there  that  for  Eq.  5-11  to  be  satisfied  for  all  values  of 
u  except  u  »  0,  u  the  coefficients  sust  be  related  as  follows: 


for  p  *  1 ,2,3, . . . 


(5-12) 


—  Fm*!  .■  (cos  e  ) 

s.  '  nJ  v2n^j~  o 

h— )  a 


odd 


a^  n3j(p-n-l)!  (2n4-jB)  (2n+l4j^)r(p^n-^i+j5) 


»-l(.l)''+l(2)^'*'l(jn-i+j5f(2n-X)Can)+j|(4n-2p-l] 

+  /  . - ^ - S — (COB  eo) 

n  «  „  j  St 


n 


2p 


•MI 

z 


(p-n) !  (2n  ♦  J^)  (2n-Uj5)IKp4.n^.J+j5) 

Ci  K  B 

(-)•’  (CO.  »^) 


2n-UJj 


a 


s=-  <» 

B  odd 


oo 


(.l)"+^(2)*"+*(2ii,|fj!) 


m.  odd 


ns:0 

p 

I 

naO 


= - 3 - [n  ]c.  ( 

1)  J  (2n<fl  +Jj)  (2n^2+j“)XXp+n4^J^)  «^2n4l+J— 

(-1)"*\2)*”  (2n+*+Jj)[2n(2n+l)+jf2(2n-p)l  ^ 


(5-lJ) 


COS  ©  ) 
o 


(p-n)!  <2nTl«tJj)(2n4j*)IT(p4'P+j4j^) 


2n+j- 


J 


'2p4l 


Y  (-)*’  (2)^'  (ap)(2p*l)  (^2^jS  <*“•  ®c 


B*:-  <» 
Bodd 
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where 


®o> 

8. 


p  ■  (cos  e  ) 

«*  CjS  ®o> 

a 


P  ,BI  (-C08  8  ) 
”^-*1 

“  ‘’n+j5  ®o’ 


^  «  (cos  0^)  ^ 

n-f  4—  o 


d  P  .■  (cos  0  ) 

0 


p  .■  (cos  e  ) 

n+J~  o 


d  P  .■  (-cos  8  ) 
n+j~  o 


P^  ,■  (-cos  8  ) 
n+j—  o 

a 


d  p“  M  (cos  e  )  <*p"  4*  •> 

n^J~  o 

,■■„  - -  stands  for  - js - 

de  de 


0=8 


n 

y  r(2n-2kfl4jj) 

^  ^2(n-k) 


kr:0  k!(2) 


y  n2n-k-J+J-) 

=  jLj - ^ — 55 — 

k/(2)" 

P  _ 

y  n2p.k-j4jj) 

-  — N  J- 

k=l  k'(2)  * 

y  IT(2n-k^Jj) 

°  ^  — ; — Jk~ 
k=0  k'(3) 

n 

Zrt2n-k+J+jj) 
— 'i — as — 

k«0  k!(2) 

^  r(2p-k4i4j7 


[  (2n-l)  (2nUJ^2(n^k)  ] 


[  (2p-l)  (2d)  .  jj  2(p4.k)  ]  ^2(p-k) 


2(n-k)+l 


for  n  J  p 


2k 

k>=l  k!(2) 


2p(ap+i)+jj(2iHak+iv) 


for  nap 


(an(an+l)+Jj(2n+2k+l)]  for  n  .  p 


for  n  ^  p 


Eq.  5-12  expresses  In  terms  of  b^;  in  terms  of  b^  mnd  b^; 

bg  In  terms  of  b^,  b^,  and  b^;  etc.  Iq.  (5-13)  expresses  b^  in  terms 

of  b  ;  b,  in  terms  cf  b^,  and  b, ;  etc.  Therefore,  all  of  the  coefficients 
A  5  3  1 

in  the  power  seriee  expansion  are  expressed  in  terms  of  and  b^. 


since  b  is  proportional  to  the  input  voltage,  the  coefficient  h 
o  1 

is  the  only  one  still  to  be  determined. 

5.4  The  Far  fields  and  the  Radiation  Condition 

The  relation  between  b  and  b,  must  be  such  that  the  radiation 

1 
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condition  is  satisfied.  This  condition  insures  that  the  antenna  is 


a  source  of  energy,  and  for  a  liriite  antennf  requires  that  the  fleldn 
at  large  distances  from  the  antenna  be  represented  by  divergent 


traveling  waves.  Making  use  of  the  relations 

-j= 

u  e  -  e 


(5-14) 


and  Ubi  (3r)^  J  *  (s)^  cos 

r-^oo  n4-§-t^J-  " 


0r-|t(n+l+j5)J 


(5-15) 


the  electric  fields  for  large  values  of  r  are  given  by  Eqs.  5-16, 

1 

5-17,  and  5-18.  The  ipagnltiide  of  E  varies  as  for  large  r,  and 

**  r 

thus  becoses  insignificant.  As  the  antenna  considered  here  is  infinite 

in  extent  51  is  not  possible  to  be  a  large  distance  tnm  it.  However, 

since  only  the  relation  between  b  and  b.  Is  desired,  It  can  be  obtaineo 

o  1 

by  requiring  a  wave  traveling  fway  froa  the  origin  Ir  one  direction. 

The  Boat  convenient  direction  to  chooBe  is  6  «  9  as 


P  B  (cos  0) 
n+J- 

lia  — — 2 -  -  ■*  except  a  =  1 

0-eO 


d  PJ*^.B  (cos  0) 
B4  J— 


0  for  all  a  except  a  r  4-  1, 


and  the  suaaation  with  respect  to  a  becoaes  trivial. 
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Using  th*5  e  tl«e  convention  *  w»v«  traveling  away  froa  the  origin 
1  ••  iftr 

/arias  an  -  e  Making  uae  of  the  fact  that  many  terns  froa  a  s;  1 

r 

and  a  s  -  1  are  related  aa  conplea  c  njugatea^  ^ele-0  ®^l8=0 
Iqa.  5-17  and  5*?  8  will  have  this  r  variation  for  all  valuea  of  <f>  If 


Jnt  I  ^4^ 

2  ^  * 


z.- 


1 


nsO 


(n-fl-*-^)  (n+~)  C  'J 

a  a  n-fr  |  « 

.  —  . . .  ^  - - - - *  >  *  ^ 

P  ^  (cos  6  )  d  P  (cos  0  >  ^ 

n-*-^  o  « .  J  0 


04^ 

a 


de 


(5-19) 


1  M 

Substituting  for  C  and  C  .  froa  Sqa.  5-8  and  5-9,  and  letting 

n*i 


y  rX2n-k+l<i) 

n  '  ^  ~nZrrn  *’*(n-k) 


k=0  k!(2) 

n 


Zn2n-k-i4) 

I  ak  •  a(“+'>)i  b 

k=0  k!(2)  ‘  ’ 


n 


n 

Z 


r(2n-k4  I  4^) 


k:=0  k!  (2) 


2k 


2(n-k)4l 


y  n2n.k4j4i)  j 

"n  ^  ^  ‘^acn-k).! 


k:iO  k!(2) 


Eq  5-19  becoiies 


f(-l)"(2)^"(2n+i+i)  sin  0 


^0  [  “  *'2n4 


'  (-l)”(2)^'‘*S2n+  I  4> 

-  [“.i'l  +  •<  -- T - [“^l] 

a 
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(-l)”(2)^”(2ii>i4) 


yj(-i)” 
\ .  -1 


h«0  d  P^n^i  ®p) 
Se~ 


IK]  ^  ^ 


y  ^ .rt.2n+l  3  J,  .  ^ 

(-1)  (2)  (2n+  j  4^)  iln  e 

*  pi  ,  J  (co«  ^  ) 

2n^i4^  o 


O  r«4 


(’'nl 


The  IM$  of  £q.  5-20  Is  proportional  to  and  the  RHS  is  proportional 

to  Therefore^  It  gives  the  relation  between  b^  and  required 

for  waves  traveling  froa  the  origin  for  large  r  along  the  e  =:  0  axli^. 

Bq.  5-20  is  convenient  fora  for  this  relation  as  i*,  ,  i?*,  and  N' 

n  n  n  n 

are  needed  In  Bq.  5-12  and  5-13  for  the  calculation  of  the  b  coefficients 

P 


The  input  voltage  V(0)  can  be  obtained  by  taking  the  Halt  of 
V(u)  Si  u-^0,  and  uslag  Iq.  5-7 


V(0)  »  lla  V(u) 

U-4C 


(5-21) 


The  Input  current  1(0)  can  be  determined  by  Integrating  around 

one  of  the  arms  and  taking  the  Halt  as  u— #>0.  Using  Eq.  4-30,  4-41, 


4-8,  and  5-2,  an  expression  for  the  input  adult tance  Y(0)  can  be 


derived  as 


Y(0) 


1(0)  J 


A  f V 


V(0)  q  b,sin  ^  ^ 

■odd  J- 


(cos  0  )  (-1)  P  .  (-cos  «  ) 

no  .a  o 

a  '^a 


d  P  (a  cos  O  ) 

a  o 


(5-22) 


S.6  The  Problem  of  MtiaericaA  Cmlculation 


To  he  ooikpletely  eatlsfying  from  «n  engineering  viewpoint,  the 

srather  complex  mathematical  expressions  derived  for  the  equiangular 

iaplral  antenna  must  be  ev  aluated  for  various  parameters  of  the  structur  . 

The  fact  that  the  expressions  obtained  arc  in  series  form  makes  them 

*eU  adapted  for  computation  using  a  digital  computer.  It  is  presently 

planned  by  the  Antenna  Laboratory  of  the  University  of  Illinois  to 

program  the  hlgh>8peed  digital  computer,  ILLIAC,  to  make  numerical 

calculations  using  the  expressions  derived  here.  Appropriate  tables 

20 

of  the  gaimma  function  of  complex  argument  are  available,  but  no 
tables  of  ccmiplex  order  Bessel  functions  or  complex  degree  associated 
Legendre  functions  are  known.  The  series  converge  most  rapidly  with 
respect  to  n  when  r  Is  small.  In  the  limit  as  r— wo  only  the  n  =  0 
tens  are  needed,  and  the  electric  fields  approach  those  given  by  the 
static  solutions,  This  fact  makes  the  near  fields,  Including  the  current 
distribution  on  the  antenna  arms,  tne  easiest  to  calculate.  It  will 
probably  be  biCcer  to  use  the  conventional  methods  oi  obtaining  th*? 
far  fields  for  a  known  current  distribution  than  to  use  the  series 


developed  here. 


6.  CCm.USIONa 


Theoretical  expreeelone  tor  the  field*  produced  \>y  mn  infinite 
eduiiin(ctiiir  spiral  structure  have  been  obtained.  It  has  been  desM>nstrated 
tha^t  the  static  electric  fields  are  a  function  of  only  two  variables 
•  and  O.  For  tho  static  case  exact  expressions  have  been  derived  for  the 
structure  with  narrow  gaps,  and  approxiaate  expressions  using  the 
"laast  squares"  criterion  for  arbitrairy  gaps. 

For  the  electroaagnetic  problea,  solutions  of  the  vector  Helaholtz 
equation  suitable  for  the  spiral  geoaetry  have  been  obtained  by  using 
the  separation  of  variables  teehniquu  in  an  oblique  coordinate  ays  tea. 
These  solutions  eapreas  sll  of  the  electroaagnetic  fields  In  teras  o£ 
the  tangential  elect^'ic  fields  exidting  in  the  gaps  of  an  equiangular 
spiral  antenna. 

For  the  special  cars  of  the  balanced  antenna  with  narrow  gaps 
between  the  area,  exact  exprc salons  for  the  fields  in  the  gaps  are 
derived.  These  solutioas  aake  available  a  aeans  of  calculating  the 
input  lapedance,  the  current  distribution,  sad  the  psttem  of  an 
equlanculs  spiral  satonna. 
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Therefore,  in  Bq  A-l  the  a  «  0  tera  ia  real;  for  otter  valuea  of  a 
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Attn;  Capt.  Carl  8.  Ausfahl 
Code  1010 

Naval  Research  Laboratory 
Washington  25,  0«C. 

Chief  of  Naval  Research 
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Attn:  Mr.  Harry  Harrison 
Code  427,  Rooa  2604 
Bldg.  T-3 

Washington  25,  D.C, 

Beech  Aircraft  Corporation 
Attn:  Chief  Engineer 
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Garland,  Texas 
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Westinghouse  Electric  Corporation 

Air  Am  Division 

Attn:  Mr.  P.D.  Nevhouser 

Developaent  Engineering 
Friendship  Airport,  Maryland 
Contract  AF33 (600) -27852 
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P.O.  Box  550 

Van  Nuys,  California 

M/F  Contract  AF08(603)-4327 

Radiation,  Inc. 

Technical  Library  Section 
Attn :  Antenna  Departaent 
Melbourne,  Florida 
M/F  Contract  AF33 (600 >-36705 

Westinghouse  Electric  Corporation 
Attn.  Electronics  Division 
Friendship  International  Airport 
Box  746 

Baltiaore  3,  Maryland 
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